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ABSTRACT

A study on generalized spline nonlinear adaptive filter
with cross terms

Author : Shuji Saitou
Supervisor : Yasunori Sugita

Estimating the mathematical model of unknown systems based on input-output
observation using adaptive filters is very important for applications on signal pro-
cessing technology such as echo cancellers and noise control. A nonlinear adaptive
filter is used to accurately perform estimating when the unknown system has nonlin-
ear characteristics. Adaptive Volterra filters are most well-used which are capable of
modeling nonlinear characteristics with very high accuracy. However, the amount of
computation increases exponentially when modeling complex nonlinear character-
istics. As other known adaptive filter, there is the Functional Link Artificial Neural
Network (FLANN) which expands the input elements by using some function like
trigonometric functions. The computational complexity of FLANN is lower than
that of the adaptive Volterra filter, but its modeling performance is inferior.

Generalized spline nonlinear adaptive filter (GSNAF) that expands the input as a
function using an adaptive spline function (ASF) has been proposed as a new non-
linear adaptive filter. As GSNAF is calculated using only some of the coefficients
according to the input, the amount of calculation is small. It is also excellent in mod-
eling performance and convergence speed, because frequently chosen coeflicients
are updated multiple times.

However, the GSNAF has a problem that it cannot express nonlinear characteristics
with cross terms because function expansion is performed for each input element.
This paper proposes a new nonlinear adaptive filter which is based on GSNAF. In
the proposed method, ASF is modified to enable the representation of cross terms
while maintaining the advantages of GSNAF. An ASF of GSNAF has one input and
one output, while an ASF of the proposed method has two inputs and one output
for each combination of input elements. So, the proposed method is possible to
express a cross term. However, the proposed method has a very large number of
ASFs due to its configuration. It might has many unnecessary ASFs for modeling.
Furthermore, many unnecessary ASFs outputs deteriorate modeling performance.

Therefore, we removed unnecessary ASFs by considering the output of each ASF



during modeling. Unnecessary ASFs are removed by considering the output of each
ASF during modeling.

In the simulation, system identification was performed by using adaptive third-
order Volterra, GSNAF, and the proposed method, and their Mean Squared Errors
(MSE) were compared. As a result, the proposed method was able to identify
nonlinear characteristics with cross terms. Furthermore, it was confirmed that the
proposed method is more accurately than the adaptive third-order Volterra filter in

the modeling of the system with complex nonlinear characteristics.
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DE D N () IRIEAHHL N2 (u) 13 2 RBIBIZ X B HEH. NP (u) 1& P IROBIEL
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TRBIELES 2 ATEERTZ MLE LT x(n) = [x(n) x(n—-1) x(n —2) x(n -
3) ...xn-M+ D) &35, 22T, x(n) XM n TOANESTHY, M
BATMEZRZ PVOEITH S, 2.1 TlE, ANMEFTRT MVOKREZZITX
LT, PGU, ASE 2 fia v TE D, D ASF O DEFEA GSNAF D
o TWBZ &H4H %, PGU I& Parametor Generation Unit DT b, IR
EAE X 72 ASF OEIZfEAT 585 A —X %1119 %, ASF I% Adaptive
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B THD, ASFIFHERTH L Z LD EE LW, ERRITIXBEIEZ Ht cRI
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F9, PGU IZDOWTHHHT %, X (2.13), 2.14) IZASIEERZ MDA S X
N7z PGU D1 iy u; % FRITET,

i;(n) = {x(” _A{C+ 1)| + sz— ! (2.13)
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ZIT.j=1,2-- M THOANEERI NVOEREDA VT Y I ATH 5,
K (2.13). (2.14) D i;(n). uj(n) 13K % ASF 2851 2 MBI FHHT 585
A=RTHD, Ax FHEIGAT 71 VEABOHBEKRERETH Y, Q; 13 jHFHDHE
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fi=ujn)C
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FMIVBB A2 MV E LT fa = [fT ) fT00) [T ) - fTT & ¥ 22
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T F51a7% FiD 2 IRICDHEIEA T 5 A VB E 8> TWD, ij. u; FDNT X=X

& ASF Offj¥ 7%z 33 129, K33 K0HRLDS 220D PGU o XhT
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noA ‘/5_:‘7 7 A ij\ ik Z%M%M@E%ﬁfthk%ﬁﬂi@@ﬁﬁ Ujv Ug "o ASFj,k
DN EPRET D, TORD ASF; OHiHRE R (3.9) ITRT,

vik() = fiqixfl (3.9)

XBYIBWT, fj=u;C= [uj.’(n) - uj(n) 11C TH Y., g 1FX(3.10) T
RINDTNTNDA VT v 7 A ij(n). ix(n) 2SR IENIEEAHIES TS 5,
T2, CIIAT T4 VEIEBBITHITH 5,

di;(n)ixr(n) " Gij(n)ix(n)+3
Ge=| 5 (3.10)
qij(n)+3,ig(n) " Gij(n)+3,ix(n)+3
¥/, BEFIEOHET y(n) 1T 3.9) TRI N/ ASFOH OB TH D,
A @B.11) TERIND,

Q-P-10-P-1

Y= > > v (3.11)
=0 %

i
ZZT, QIEASFD 1 ANAROHIRE. PIEAT I A VIR TH 5,
GSNAF TR ANGESOKERITHN T 2EBIRME - 7203, REFIERZANGES
DERBRDMAGDLEIC L 2BBERTSH 5,

RIZ, MEFIEROEHAIZOWTEHT S5, GSNAF L FRRIZH & b ERAEES
e(n) = dn) — y(n) & LT, HJIKFD % ASF O &AL I D A% B ol N ik
WX OEHT D, FHEREE C(n) = E{e*(n)} ZEH/MET B & S IS E T
%, LMS 7V 3V XL%EHAT 572012 E{e*(n)} = 2(n) £ LT, EHNIR
B.12) THRTZ A TE 3,

47(n) = g = 1) + S, )
= qjx(n=1)+ uf] fi (3.12)

ZIT. pl3ATY T A XTH 5B, BHFIZDOWTH GSNAF & FBRIZ H IR D
TEHEACHIB S O ANEH SN D, MR P =3 Thd%51E, (P+1)2 O
L 2% 16 MO NPEEHR CER I NS,

3.3 MER

REFECTREIANERZROMAGDLE DT D ASF THE I NS 720, AJE
BRI MVOEERE M 2358, ASFix MM - 1) LRI NS, Zhic
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L2MEE U ThIFoNEDHN, FHHREEOMINE MELZ ASF 2 & % €7V
KT TH 5,

TTHEEOMIMZIOWTHE X 5, GSNAF O HEHIZHhERFHEEIX 22 /T
MUY, AT T4 UK P =3, 74 VEAYALAM &$5& 04M) T
H5, ik ASF1 D D IZHEHE 4 [0 THHMA, ASF 7* M i T GSNAF 23Rk
NTVWEEOTHD, HUTHSZMEIBWT, IBEFHEFIFHRLZED (P + 1)
flE. 16 s HIAH T % BH 3% DT ASF1 D3 0 (23 FL 16 [al, ASF 2% IM(M -1)
fACHRENE7=D, TOHERIZOBMM -1)) 275, Zhlx GSNAF &It
N5 EFERFIZKEW,

RIZE T IALHEBEEDK FIZDOWTEZ 5, REFIEIFIEFICL < D ASF TH
RENTWS, TD7H, €T ILIZHEZ ASF OMIZE T IVALIZAZE A ASF
EIFET B, A% ASF B3E7: S IXREIZ A2 WA, LD ARE 7 ASF DMFA(E
T84, TORNPEREFGEIHEL X, ETMEMERZETIE 5,

3.4 MERE

33 M TR UZMEMZMRIT 272012, B ASF DA %KL TARER ASF
ZHIRT 22 e RDEND, A7 ASF DA ZHIRT 2 Z LT, ZOH D
BEAYIHTE, TOHIPBEEBIIGRIHELEITIENTE S, Hik
T 572012, BEFIEDHK ASF ODHARETNMLIZENZITFELTWE 0%
HEZ 5, BRIIZIE, & ASF LT, E7)VbHich 2 —ERfE Tk
WYY TV OHNT— 2 OMsHENZ2 Zh T nitB T 5, DF 0. ASF A
% yix(n) 325X (3.13) 25HHT 5,

L
Avik = > 1yjk(n = D) (3.13)
=0

X (3.13) TLIFFET2MEDY Y TNV TH D, FAMEIZ Av; ) DERKIEE
S L UCHMEZ D, Tz BEEG T Rl > Tz ASF Z2HIFRd 5,
Tz &0, ASF OIS EAML & AR TNE W DDHIFRE 5,

REFHEORMER L ZDOMIETH D ASF HIROSRIZOWTOffH 72 v
Ialb—varaEfikAITRT,
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Salb—v3ayv

ARETIE, YIab—Ya ilioTREFEOENEEEZRT, ¥Ialb—
v a Y AT LEE#EFT\, 3R Volterra 7 1 )L X, GSNAF, f2EFiED 3 D
DI EIG 7 4 VR ZHIRT 5, YATARED 7Oy Z7M%EM 4.1 1257,
X 4.1128WT, x(n) ZANES. yn) XHEHES. dn) IFFLEETH B, F
2o dm) X/ A XTHY, £ETOYIaL—yarT —40[dB] D/ 1 X%&H5
LTWb, ¥72. @ TOANEFIE[1 - 1] D—RELETH 5,

&(n)
d(n) u
[ Unknown system +<>
() / n v+
Nonlinear adaptive filter y() — () e()
/ Adaptive
Algorithm

41 VATLARED 7B Y IE
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41 YIab—3 1

COMTRRAHEZGUET NV EREFENVETIMMETE D I L 2RT, FERR
JRHEIR T 4 VR DEGM2R A1 ITRT, ITEES dn) 2 (4.1) LT, d(n)
EDFAEDMDILRL LD LDV AT LAAEEIT> 72, N (4.1) TERI N d(n) 1E
RAEHE GUIMPH D DET IV TH S,

d(n) =x(n) + 0.8x(n — 1) + 0.3x(n — 2) + 0.4x(n — 3) — 0.8x(n)x(n — 1)
+0.9x(n)x(n —2) + 0.7x(n)x(n = 3) = 3.9x*(n — x(n - 2)
—2.6x%(n - Dx(n—3) +2.1x2(n — 2)x(n - 3) 4.1)

X 4.1) T8 L IR FIc R S N -K 42 DX S RFETH S, Zh b
DEMAETIOEDYIalb—a TV, TOEIMSE 2L 72, #EF
2D ASF HlBRIZ 1000 ¥ > 7 IVEIZI7\W, % ASF TitdZ: 500 D O %
MR L. FEHEAED 30% AR DM 2 [lfgi 72 ASF ZHIFR U 72,

41 vIal—varl Ogh

3 X Volterra | GSNAF | 2R Fik
TANERYAL A M 8 8 8
AT THA4 X u 0.08 0.08 0.08
i S B Ax 0.1 0.1
x(n)

Linear d(n)
Nonlinear :

K42 YIalb—varyl1lozavrH
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411 HFEREER

v3alb—33a>v®DMSE 2K 43 12533, X512, % MSE O & ED S
1000 S U722 R 4.2 1TR8F, M43 %42 L0, GSNAF L REFiE%
g4 % & GSNAF AYAE T E R WIERIE I D E T VI U TIREFEIZRE
ERLEETETCWDZ RN 5, LU, 37K Volterra & 2L T1E% Hilkd
%Y. 31k Volterra D AP EER S FRENMTATE D, POREHE S, ZHix
AL HFIDE T IVD Volurra 7 41 WX TETIUEL R T W3 IRDLIEANTH 5

OThdLEZIOND,

— 3R \Volterra
s GSNAF

———— Proposed

|
[=2]
(=)

Sample x 10*

K43 YIalb—varlofR

£ 42 BEEH»S 1000 57 MSE

3 X Volterra | GSNAF | 2R FiE
MSE|[dB] —-43 .48 -5.142 -40.15
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42 vIab—I3rv2

Z DT, IERIEEHD IR AME WS Volterra 7 4+ VX TET VLT B Z &
DEELWEMEARELZ2E0ET VIR LT, REFEOARMEEZRT, FEAEHE
87 A VEADEY I 2L —Ya VEMEERAZITRT, ERES dn) 2K (4.2)
LT, dn) LDEEPDRLBEEIITVAT LREEIT> 2,

yi(n) = Hi(n) * x(n)
y2(n) = 3.3tanh(y1(n))
d(n) = Ha(n) * y2(n) (4.2)

R @42 TBWVWT. Hin). Holn) 3ZNZNMIL 7 1 VX TH Y Hi(n) =
[1,-0.6,0.05]. Hy(n) = [1,0.6,0.05] TH>B, £7/z, * ZFBEARLATH 5,
K (4.2) 135, e, S BRI N 44 D &S BN TH B,
PRZEFED ASF HIFRIZ 1000 ¥ > 7IVEIZIT\W. & ASF Tl 500 S0 H
DRI Z IR L. FHEEMED 30% ML FOHF153 2 [l 72 ASF ZHIBR U 7=,

#£43 VIal—var2 DL

3 X Volterra | GSNAF | {8 & Tk
TANRYFAXM 8 8 8
ATy THA4 X 0.08 0.08 0.08
il R bR Ax 0.1 0.1
x(n) y1(n) y2(n) d(m)
——{ Linear Nonlinear Linear ——

M44 YIal—>ar2o7uovry
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421 HFEREER

Y3Ial—YavdDMSE 24512577, ¥512. & MSE OEB&KEM»S
1000 R U 7 fd % K 4.4 1T3R 9, 45 K 4.4 £ b, GSNAF & f2EFik
2T 2 &, REFEIEGSNAF L OKERKFAETETWS Z AN 5,
3 ¥ Volterra & 2 K FiE% KT 5 & IUHRGHEE 1L 3 ¥R Volterra D /5 A3\ 3]
EREE IZIRETIEOH VPRV L300 5L TFIED ASF HIRIZFEED & 5 2
EEATHSFbi, HBODOWIXFEEIZAER ASFE2EHLTWSE, TD72d
RETFEOWNFHEEPENWEEZSND, N@42) TRENDYIalb—Yvay
EFIVIE, ZAKOD tanh ZEATWS, ZD7-HE)G Volterra 7 4 VX TX
DHEELILSETIMET 272010 I3EOVIREBBREIZR S,

SEDOYIalb—YaVilBIFBEANEFIE[ - 1] O—kELETHE0B, A
JIHE5 DHEFHAMIL < 725 & G Volterra 7 1 )V X TIXHIZFEIED NEE L 72 0| 2
ETELORIEREELMNT 5, TOYIal—ya UiERIIAE B I2ER
ERAR

3%k \Volterra
. GSNAF
—— Proposed

2 4 6 8 10
Sample % 10

K45 ¥YIalb—Yar2ofR

F 44 B S 1000 5579 MSE

3 X Volterra | GSNAF | 2L FiE
MSE[dB] -32.71 —17.85 -35.37
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43 vIab—3>3

COBTIE, 42 fic AR =ARKZELET VI LTY AT ARE %
o7z, HMBBEILT 1 VADEY Iab—YaviEER4510RT, i
HE d(n) X (4.3) £ UT. dn) LDORENDLL LD LIV AT LRAER
fio7z,

y(n) = tanh(x(n))
d(n) = y(n) + 0.35y(n — 1) + 0.09y(n — 2) — 0.5y(n)y(n — 1) + 0.4y(n)y(n — 2)
(4.3)
N @.3) M T ay 21T T a Yy 7 LI 70 v 7 BN B S vz
4.6 DL BRMETH B, REFIED ASF HIFRIE 1000 ¥ > TOVEIZIT W, &
ASF Tith% 500 WD DREMIZFHR L, FEHEMED 30% AT D HII A 2 [l
7= ASF ZHIFR U 7=,

H£45 YIal—vay3DRE

3 Y% Volterra | GSNAF | £EEFiE
TAINVEYALAM 10 10 10
ATy TH A4 X u 0.05 0.05 0.05
IR A RSB Ax 0.2 0.2
x(n)
——— Nonlinear +—{ Linear am
Nonlinear

46 YIal—Yar3ioguvry
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431 HFEREER

v3Ial—Y3arvdMSE 2K 47 1253T, 512, & MSE OB A5
1000 SUEE U 72f%2 K 4.6 1ITRT, X477 &% 4.6 L0, GSNAF LR EFiE%
e 5 &, REFHEIL GSNAF K OHERKFEETETWS Z W05, £
7z, 31X Volterra & 2R FiE %2 g9 5 &, IUHGHE X 3 ¥R Volterra D /553 E W
N, FEREIIRETEOHNPEWI D005, TIN5k 4.2.1 OFERD 545
M5 ERRTH D, M4T % A5 EREFED MSE 1 6000~9000 ¥ > 7
DETEAIRIZ EFL, TZOREKTLTWEZ LRGN 5,

0
3% Volterra
GSNAF
-10 — Proposed

% 2 4 6

Sample x 10

ool

K47 YIab—Yav3ofi

4.6 BHARDS 1000 557 MSE

3 X Volterra | GSNAF | 2L FiE
MSE[dB] -39.55 -21.77 —-43.58
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44 vIalb—3v4

431 FiDRHNZFARNB7-DIZ, 43 Tiro7-¥ I ab—Ya v z2ESMETRE
FELZTITLEEZET T2, TOYVATAREFIZHIBRE 2172 ASF & MSE 12
DWTHEL 72,

441 FEREER

YIalb—YarydMSE 248 1Zmd, K 4.8 1% 0~20000 ¥ FILH %
IERUTRRALTWS, £z, BIFOFRVHIIEZ MSE 28 EH L TWAEHTTH
%, X524 ASF Btk CHIBRES e dr o 720y, H Wy > 7OV HICHI
BRI NnhmeRATIIRT, R4TI1ZIE—ED ASF 28 LTS, £471
BWT, O 3wt ECHIRE N o7z ASFTH O, By > 7V HIZH
BRENZDERT, K48 &RAT ZHARD L, ASF4~ASF) g DR S /-
WWRKES MSER ERLTWEZ g h5d, k1 DD ASF TRELTE S
R 28D ASF THREL TWZZ e WHNTH L EZ 515, ASFHIBRT

Sample x 10

X 48 YIalb—Yvarv4fER

F47 YIal—Ya vl ASF

HifR2 1 IV HifRx 1 IV
ASF O ASF, 7 7000
ASF 3 O ASF g 7000
ASF 4 7000 ASF 6000
ASF, 5 7000 ASF| 1 3000
ASF 6 7000 ASF; 3 3000
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FTNSDHN—EIHIRE 720, HIBRE v 7-H 14> MSE 288U 7=,



Yaxan =
5

=

Bh )

AL TIX, €D GSNAF 7> 5 ASF DR %2 Z W L 728 L W IEFRIE # G
TANRERE U, H 1 ETIE FFEIEHEIL 7 « )V X O BB BT O IERRE
WIS 7 4 VRIZDWTR Uz, 32 FETIE, BEFIED GSNAF O JFHIZB b
DRI E UT, AT 71 vz W@ oW TR L, 512, GSNAF
DOEEPEHFIE. T UTREHE GOIERERMEDORBIDEH L\ & w5 [#
MOWTRUTZ, B3 ETIEREFEOMECEH FIEIIODVWTRLUEZ, 5

Volterra 7 1« )L X, GSNAF, {REFIED 3 DO FIETHRZIT > 72, T DR,
RETIRIZ GSNAF L3EW, EHZE GUIEMERMEZ ETIVILARETH D, &
IRDE G Volterra 7 4 VX TRITHIE, RELODOWEIRETNLVERET S Z
EMMTEDLILERLU, BLENS. ASF O Z AT U 72 U \WIERTE S
T4V RIE, REEEZGGIEGEREZ ETIVLAIREETH D, EIRDE T IIZK
TEHETIHEES BV 2R LU,

25



S R

ARHIEDOBIIZENWT, MipTHRETHEH S, BY2THE2 L TwRn
T HBRAMHERITE S B N2 U ET. £, KX E2PETLHIIH0, Hl
Fax THY N2 EL K DIEEB Y £ UARBEER S CIZ B ERE S
R WU ET. 01T, MIRAETHRICBWTESIHEIZRY £ U, E50H
ISR B O ERICEH DR 2R L XY, REIZCIZETETCTHWFEA
BWEHOEZRL XY,

26
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1 8%

A REFEODHEREBREDOYR

ZOHITIE, REFIEOME M LMIRETH S ASFHIFRORIFRIZOWTE L
v Iab—va UiERERBT S, REFERISVWTERD 3 DDOEMAETYA
FTLARIEDY I ab—vavird, TOEMIZEWT ASF HIERIE 500 3> 7L
BIZAT\, 45 ASF Tl % 50 o oM ZEHE L, FEEMED 30% LA
F3H3 2 [Elfgi 7= ASF 2Bl U 7z,

d(n) = x(n) — 0.9x(n)x(n — 1) + 1.6x*(n — Dx(n — 2) (A.1)

T, BERES en) ELMERELDMENNILK LD IS ITEHL -,
T30y Ialb—yavzitv, TOVHOMEREZRT, FHAfhBE K
MSE = 20logy(e(n)) & L. ZD&FERZK A1 IZRT,

B A1 R DOERRDEME 1. EDBEM 2, FPERML3 THD, ZOMHREAD
. TANVEY A AMPYINIET A TH B2 5 I BRI REIC Z 1 H
TLESTWB I 0D, £z, MRIFRED ASF HIBRIZ K 0 5 3 135042
FOEMEREPM EL, BAPS M BPNIVEM 1 LRBEIZR>TWSZ 2N
Dh B,

1| M2 | M3

T4 INVEYALAM 3 8 8
AT 7°4j‘/f7§‘,u 0.1 0.1 0.1
T SRR Ax 0.1 0.1 0.1

ASF HlFk O

29
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I o,

_60 1 1 1 1 1 Il ]

Sample x 10°

MAl YIalb—Yaryoiti

B 420D 3Ial—YaviERICDODWVWT

ZOHITIE, 42 T2 Ial—Ya VIZBWTANEHBENEL B2 &
WZEh, BEFRELM2 ODOOFEEL DO MSE OEMNENT S L 2 rT., FEL
N7 4 VADEYIalb—a v E2RBLICRT, 2o DRMIIZE

#£B1 YIal—YarogiM

3 ¥R Volterra | GSNAF | 2% Fi%
TANETA XM 8 8 8
ATy TYA4 X 0.02 0.1 0.1
HilE bR Ax 0.1 0.1

WT ASF HIERIE 1000 ¥ > FOVEEIZ 7V, % ASF Tila % 50 5o H 1 0k %
AL, BEEMED 40% LAFOH A 2 [\l 72 ASF ZHIBRL 72, ATMES X
[2 -2] D—FkELETH B, MOEMEIF42HieALTHE, ¥Iab—vay
D MSE %X B2 23T, 512, % MSE OFA SN S 1000 sOF¥ L 72 %
FB2ITRT, MB2, £B2 &V, 42HiOFRLVIBEFIELM2 FHEED
MSE ZIZBEMLTWE Z 223005, ZHUT =MD tanh(-) ~D AJEL K
S mbe, FEHREHUEIPHRL RE7-DTH 5,



(DES

— 3%Volterra
s GSNAF
—— Proposed

MSE[dB]

3% 05 i 15 2

Sample x 10°

KB2 YIalb—YarvoiR

FB.2 B 5 1000 s3F MSE

3 X Volterra | GSNAF | 2R F
MSE|[dB] -15.59 -7.69 -23.86




